Hermitian Jacobi Forms of Index One by SASAKI Ryuji
Hermitian Jacobi Forms of Index One
著者 SASAKI Ryuji
journal or
publication title
Tsukuba journal of mathematics
volume 31
number 2
page range 301-325
year 2007
URL http://hdl.handle.net/2241/00143971
TSUKUBA J. MATH.
Vol. 31 No. 2 (2007), 301–325
HERMITIAN JACOBI FORMS OF INDEX ONE
By
Ryuji Sasaki
Introduction
The theory of Jacobi forms was established by Eichler and Zagier [2], and,
using it, they clariﬁed and extended Maass’ results [7] on the ‘‘Saito-Kurokawa
conjecture’’ and related works given by several mathematicians.
The most basic examples of Jacobi forms are Fourier-Jacobi coe‰cients of
Siegel modular forms of degree 2. Replacing Siegel modular forms by hermitian
modular forms associated with the ring of Gaussian integers, we get analogues to
Jacobi forms, which we call hermitian Jacobi forms.
In the present paper, using wonderful methods developed by Eichler and
Zagier, we shall discuss hermitian Jacobi forms. Though the Eisenstein Jacobi
forms play the fundamental role in their work, theta functions take that role in
this paper.
Our main thema is to invesigate the following three spaces:
1. Jk;1: the space of hermitian Jacobi forms of weight k and index 1,
2. Mþk1ð4Þ: the space of modular forms, on the congruence subgroup G1ð4Þ,
whose Fourier expansions
Py
n¼0 anq
n have the property: aðnÞ ¼ 0 for
n1 1 ðmod 4Þ. This is an analogue to Kohnen’s ‘‘þ’’ space.
3. Mk: the space of hermitian modular forms, of weight k and of degree 2,
whose Fourier coe‰cients satisfy certain relations. This is an analogue to
Maass’ Spezialchar.
In the case of cusp forms, Kojima [6] proved that these three spaces are
isomorphic. However the main part of his proof is too technical to work in the
general modular forms.
With the aid of Eichler and Zagier’s work and the theory of theta functions,
we shall prove elementarily that these three spaces are isomorphic to each others
in general. Moreover we shall determine the structure of Jk;1 with the ﬁrst
Fourier-Jacobi coe‰cients of hermitian modular forms of degree 2.
Received June 9, 2006.
Unfortunately, Hecke’s theory for hermitian Jacobi forms is still untouched,
however we hope that this paper will contribute to a future consideration of this
theory.
§ 1. Basic Properties of Hermitian Jacobi Forms
We start with the deﬁnition of hermitian Jacobi forms. We denote by O the
ring of Gaussian integers and by O the group of units in O. The hermitian
modular group is denoted by G1ðOÞ, which is an extension of the modular group
SL2ðZÞ by the group O:
G1ðOÞ ¼ feM AMat2ðOÞ j e A O;M A SL2ðZÞg:
The group G1ðOÞ and the additive group O2 act on the space of functions
f : H1  C C ! C in the following way. We ﬁx integers k and m and deﬁne
ðfjk;mMÞðt; z; z 0Þ ¼ ðctþ dÞke
mczz 0
ctþ d
 
f Mhti;
detðMÞz
ctþ d ;
z 0
ctþ d
 
for M ¼ a b
c d
 
A G1ðOÞ and
ðfjmðl; mÞÞðt; z; z 0Þ ¼ eðmðtllþ zlþ z 0lÞÞfðt; zþ tlþ m; z 0 þ tlþ mÞ
for ðl; mÞ A O2. Here eðaÞ ¼ expð2piaÞ.
A hermitian Jacobi form of weight k and index m ðk;m A NÞ relative to
G1ðOÞ is a holomorphic function f : H1  C C ! C satisfying
fjk;mM ¼ f; EM A G1ðOÞ; ð1Þ
fjmðl; mÞ ¼ f; Eðl; mÞ A O2; ð2Þ
and f has the Fourier expansion of the form
Xy
n¼0
X
r AO
cðn; rÞqnz rðz 0Þr
with cðn; rÞ ¼ 0 unless 4nm jrj2b 0. Here
q ¼ eðtÞ; z ¼ eðz=2Þ; z 0 ¼ eðz 0=2Þ:
If f satisﬁes cðn; rÞ ¼ 0 unless 4nm jrj2 > 0, it is called a (hermitian Jacobi) cusp
form. We denote by Jk;m the vector space of hermitian Jacobi forms of weight k
and index m.
The following is a hermitian version of Th. 2.2 in [2]:
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Lemma 1. Let f be a hermitian Jacobi form of weight k and index m with the
Fourier expansion
P
cðn; rÞqnz rðz 0Þr. Then we have the following:
1. cðn; rÞ depends only on 4nm jrj2 and rðmod 2mÞ.
2. ekcðn; rÞ ¼ cðn; erÞ, for any unit e A O:
3. If m ¼ 1 and k1 0 ðmod 4Þ, then cðn; rÞ depends only on 4n jrj2.
4. If m ¼ 1 and k is odd, then f is identically zero.
Proof. Assume r1 r 0 ðmod 2mÞ, 4nm jrj2 ¼ 4n 0m jr 0j2: If r 0 ¼ rþ 2ml
ðl A OÞ, then we have
4n 0m jr 0j2 ¼ 4n 0m jrj2  2mðlrþ lrÞ  4m2jlj2:
Therefore we get n 0 ¼ nþ lr=2þ lr=2. By (2), we have
cðn; rÞ ¼ cðnþ lr=2þ lr=2þmjlj2; rþ 2mlÞ ¼ cðn 0; r 0Þ:
Thus we have the ﬁrst assertion.
The second one comes from (1) for M ¼ e 0
0 e
 
.
If m ¼ 1 and 4n jrj2 ¼ 4n 0  jr 0j2, then r1 r 0 or r1 ir 0 ðmod 2Þ. If the ﬁrst
case occurs, we have cðn; rÞ ¼ cðn 0; r 0Þ by 1. If the second case occurs, we have
cðn; rÞ ¼ cðn 0;
ﬃﬃﬃﬃﬃﬃ
1
p
r 0Þ ¼ ð
ﬃﬃﬃﬃﬃﬃ
1
p
Þkcðn 0; r 0Þ:
If k1 0 ðmod 4Þ, then cðn; rÞ ¼ cðn 0; r 0Þ. If k is odd, then, by 1, 2, we have
cðn; rÞ ¼ cðn;rÞ ¼ cðn; rÞ and cðn; rÞ ¼ 0. r
For a residue class m A O=2mO and a non-negative integer N, we deﬁne cmðNÞ
by
cmðNÞ ¼ c N þ jrj
2
4m
; r
 !
;
where r is any Gaussian integer satisfying m1 r ðmod 2mÞ. We extend the
deﬁnition to all non-negative integers N by setting cmðNÞ ¼ 0 unless 4m divides
N þ jrj2. We deﬁne a holomorphic function hm : H1 ! C by
hmðtÞ ¼
Xy
N¼0
cmðNÞe N
4m
t
 
; ð3Þ
and a holomorphic function ym;m : H1  C C ! C by
ym;mðt; z; z 0Þ ¼
X
r AO;m¼r ðmod 2mÞ
e
jrj2
4m
tþ r
2
zþ r
2
z 0
 !
: ð4Þ
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Then
fðt; z; z 0Þ ¼
X
m AO=2mO
hmðtÞym;mðt; z; z 0Þ; ð5Þ
and the function ym;m is a product of usual theta functions:
y½aðtjzÞ ¼
X
p AZ
e
1
2
tða 0 þ pÞ2 þ ða 0 þ pÞðzþ a 00Þ
 
;
where a ¼ tða 0; a 00Þ A R2. In fact if m ¼ a1 þ ia2 ðmod 2mÞ with a 0; a 00 A Z, then
ym;mðt; z; z 0Þ ¼ y
a1
2m
0
" #
ð2mt jmðz 0 þ zÞÞy
a2
2m
0
" #
ð2mt j imðz 0  zÞÞ: ð6Þ
For fundamental properties of theta functions, we refer to [4] and [8]. By (6) and
the basic properties of theta functions, we get
ym;mðt; iz;iz 0Þ ¼ ym;imðt; z; z 0Þ
and
ym;mðtþ 1; z; z 0Þ ¼ e jmj
2
4m
 !
ym;mðt; z; z 0Þ:
Therefore, by (1), (2) and (4), we get
ikhimðtÞ ¼ hmðtÞ; hmðtþ 1Þ ¼ e  jmj
2
4m
 !
hmðtÞ: ð7Þ
Moreover, by the transformation formula of theta functions, we get
ym;m  1
t
;
z
t
;
z 0
t
 
¼ t
2mi
e
mzz 0
t
  X
n AO=2mO
e
1
2m
ReðmnÞ
 
ym; nðt; z; z 0Þ ð8Þ
and
hmðt1Þ ¼ i
2m
tk1
X
n
e
1
2m
ReðmnÞ
 
hnðtÞ: ð9Þ
In the sequel, we treat only hermitian Jacobi form of weight k and index 1,
and take the set f0; 1; i; 1þ ig as a set of complete set of representatives for O=2O.
The following lemma is an immediate consequence of (7):
Lemma 2. If k1 0 ðmod 4Þ, then
hiðtÞ ¼ h1ðtÞ:
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If k1 2 ðmod 4Þ, then
h0ðtÞ ¼ h1þiðtÞ ¼ 0; hiðtÞ ¼ h1ðtÞ:
§ 2. Hermitian Modular Forms and Their Fourier-Jacobi Coe‰cients
We begin with recalling the deﬁnition of hermitian modular forms. For
details we refer to [1]. The hemitian half-space Hn of degree n is deﬁned by
Hn ¼ W AMatnðCÞ
W  tW2i
 
:
The hermitian modular group, of degree n,
GnðOÞ ¼ fM AM2nðOÞ j tMJ2nM ¼ J2ng; J2n ¼ 0 1n1n 0
 
;
associated with the ring O of Gaussian integers, acts on Hn by
W 7! M W ¼ ðAW þ BÞðCW þDÞ1
for W A Hn and M ¼ A B
C D
 
A GnðOÞ.
A holomorphic function F ðWÞ on Hn is called a hermitian modular form of
weight k if it satisﬁes the functional equations:
FðM WÞ ¼ detðCW þDÞkFðWÞ ð10Þ
for all W A Hn and M ¼ A B
C D
 
A GnðOÞ and it has a Fourier expansion of the
form
FðWÞ ¼
X
S
AðSÞeðtrðSWÞÞ
where S runs over the set of positive semi-integral hermitian matrices. Here a
hermitian matrix S is said to be semi-integral if the diagonal entries are rational
integers and the o¤-diagonal entries are contained in 12O. We denote by
AkðGnðOÞÞ the complex vector space of Hermitian modular forms of weight k.
From now on we assume n ¼ 2, then we can write W as t z
z 0 t 0
 
with
t; t 0 A H1, z; z 0 A C, ImðtÞ Imðt 0Þ þ jz z 0j2 > 0, and write S as n r=2
r=2 m
 
with
n;m A Z, n;mb 0, r A O, 4nm jrj2b 0.
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We write Fðt; z; z 0; t 0Þ for a hermitian modular form F ðWÞ of weight k, and
Aðn; r;mÞ for AðSÞ, so the Fourier expansion of FðWÞ becomes
F ðt; z; z 0; t 0Þ ¼
X
n;m AZ; r AO
Aðn; r;mÞe ntþ 1
2
rz 0 þ 1
2
rzþmt 0
 
:
Moreover F has the Fourier-Jacobi expansion
F ðt; z; z 0; t 0Þ ¼
Xy
m¼0
fmðt; z; z 0Þeðmt 0Þ;
where
fmðt; z; z 0Þ ¼
X
4nmjrj2b0
Aðn; r;mÞe ntþ 1
2
rz 0 þ 1
2
rz
 
:
Applying (10), we see that fmðt; z; z 0Þ is a hermitian Jacobi form of weight k and
index m.
In his paper [3], Freitag determines the structure of the ring of hermitian
modular forms
AðG2ðOÞÞ ¼0yk¼0AkðG2ðOÞÞ;
in which theta series play the central role. In this case we have not enough
Eisenstein series. Now we recall the deﬁnition of the theta series and some typical
hermitian modular forms.
For a vector a ¼ tða1; a2; a3; a4Þ with ai ¼ 0 or 1, we put a 0 ¼ tða1; a2Þ,
a 00 ¼ tða3; a4Þ. Such a vector a is said to be even, if ta 0a 001 0 ðmod 2Þ. Let W be
a point in H2, then the series
Y½aðWÞ ¼
X
n AO2
e
1
2
nþ 1þ i
2
a 0
 
W nþ 1þ i
2
a 0
 
þRe 1þ i
2
ta 00n
  
;
where a ¼ ta, represents a holomorphic function on H2, it is called the hermitian
theta function of characteristic a. Following [3], we set
j4kðWÞ ¼
X
a: even
Y½aðWÞ4k; k ¼ 1; 2; 3; 4;
w10ðWÞ ¼
Y
a: even
Y½aðWÞ:
Then these are hermitian modular forms of weight 4; 8; 12; 16 and 10, respec-
tively.
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To write down the Fourier-Jacobi coe‰cients of these modular forms, we use
the following notation:
x ¼ y00ðtÞ; y ¼ y01ðtÞ; z ¼ y10ðtÞ:
Here
yijðtÞ ¼ yijðtj0Þ ¼ y i=2
j=2
 
ðtj0Þ
is the Jacobi’s theta function. It is well known that these satisfy the equation
x4 ¼ y4 þ z4; ð11Þ
and the Eisenstein series can be expressed in the following form
E4 ¼ 1
2
ðx8 þ y8 þ z8Þ; E6 ¼ 1
2
ðx4 þ y4Þðx4 þ z4Þðy4  z4Þ: ð12Þ
Moreover we have
26:33ðE 34  E26 Þ ¼ q
Yy
n¼1
ð1 qnÞ24 ¼ 28ðxyzÞ8: ð13Þ
We denote by f4k;1 ðk ¼ 1; 2; 3; 4Þ and w10;1 the ﬁrst Fourier-Jacobi coef-
ﬁcients of j4k ðk ¼ 1; 2; 3; 4Þ and w10. Then by the properties of theta functions
we see that these hermitian Jacobi forms can be written in the following form:
f4k;1ðt; z; z 0Þ ¼ c4k
X
a;b¼0;1
h
ð4kÞ
aþbiðtÞy1;aþbiðt; z; z 0Þ; ð14Þ
where
c4 ¼ 22:5:13; c8 ¼ 26; c12 ¼ 25:3; c16 ¼ 27;
and
h
ð4Þ
0 ¼ x6 þ y6
h
ð4Þ
1 ¼ z6
h
ð4Þ
1þi ¼ x6  y6;
h
ð8Þ
0 ¼ x14 þ y14 þ 7ððx12 þ y12Þðx2 þ y2Þ þ z12ðx2  y2ÞÞ
h
ð8Þ
1 ¼ z14 þ 7ððx12  y12Þz2 þ z14Þ
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h
ð8Þ
1þi ¼ x14  y14 þ 7ððx12 þ y12Þðx2  y2Þ þ z12ðx2 þ y2ÞÞ;
h
ð12Þ
0 ¼ x22 þ y22 þ 11ððx20 þ y20Þðx2 þ y2Þ þ z20ðx2  y2ÞÞ
h
ð12Þ
1 ¼ z22 þ 11ððx20  y20Þz2 þ z22Þ
h
ð12Þ
1þi ¼ x22  y22 þ 11ððx20  y20Þðx2  y2Þ þ z20ðx2 þ y2ÞÞ;
h
ð16Þ
0 ¼ x30 þ y30 þ 3:5ððx28 þ y28Þðx2 þ y2Þ þ z28ðx2  y2ÞÞ
h
ð16Þ
1 ¼ z30 þ 3:5ððx28  y28Þz2 þ z30Þ
h
ð16Þ
1þi ¼ x30  y30 þ 3:5ððx28  y28Þðx2  y2Þ þ z28ðx2 þ y2ÞÞ:
ð15Þ
w10;1ðt; z; z 0Þ ¼ 34:22x6y6z6ðy1;1ðt; z; z 0Þ  y1; iðt; z; z 0ÞÞ: ð16Þ
Among these hermitian Jacobi forms, w10;1 is an only cusp form.
In order to determine the structure of the space of hermitian Jacobi forms of
index 1, we deﬁne more simple forms by
F4;1 ¼ ðx6 þ y6Þy0 þ z6ðy1 þ yiÞ þ ðx6  y6Þy1þi
F8;1 ¼ ðx14 þ y14Þy0 þ z14ðy1 þ yiÞ þ ðx14  y14Þy1þi
F12;1 ¼ ðx22 þ y22Þy0 þ z22ðy1 þ yiÞ þ ðx22  y22Þy1þi
F16;1 ¼ ðx30 þ y30Þy0 þ z30ðy1 þ yiÞ þ ðx30  y30Þy1þi;
ð17Þ
C8;1 ¼ x4y4z4ðx2  y2Þy0 þ x4y4z6ðy1 þ yiÞ  x4y4z4ðx2 þ y2Þy1þi
C12;1 ¼ x4y4z4ðx10  y10Þy0 þ x4y4z14ðy1 þ yiÞ
 x4y4z4ðx10  y10Þy1þi
C16;1 ¼ x4y4z4ðx18  y18Þy0 þ x4y4z22ðy1 þ yiÞ
 x4y4z4ðx18  y18Þy1þi ðym ¼ y1;mðt; z; z0ÞÞ:
ð18Þ
These are in fact hermitian Jacobi forms, especially Ck;1’s are cusp forms,
because, using (11) and (12), we have the following relations:
F4;1 ¼ 22:51:131f4;1
F8;1 ¼ 23:31:51:131f8;1 þ 7:23:51:131E4f4;1
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C8;1 ¼ E4F4;1 F8;1
F12;1 ¼ 25:31:231f12;1  5:11:231E4C8;1
C12;1 ¼ E4F8;1 F12;1
F16;1 ¼ 27:311f16;1 þ 3:5:7:311E24C8;1;
C16;1 ¼ E4F12;1 F16;1:
§ 3. The Space of Hermitian Jacobi Forms of Index One
In this section we shall determine the structure of the space of hermitian
Jacobi forms of index 1. The idea is essentially due to [2], Ch. 1 § 3. However, not
Eisenstein series but hermitian Jacobi forms given in the preceeding section play
the central role.
We develop a hermitian Jacobi form fðt; z; z 0Þ of weight k and index 1 in the
Taylor expansion around ðz; z 0Þ ¼ ð0; 0Þ:
fðt; z; z 0Þ ¼
Xy
m; n¼0
wm; nðtÞzmðz 0Þn: ð19Þ
Applying the transformation law (1)
f
atþ b
ctþ d ;
ez
ctþ d ;
e1z 0
ctþ d
 
¼ ekðctþ dÞke czz
0
ctþ d
 
fðt; z; z 0Þ; ð20Þ
we get
wm; n
atþ b
ctþ d
 
¼ ekmþnðctþ dÞkþmþn

wm; nðtÞ þ
2pic
ctþ d wm1; n1ðtÞ
þ 1
2!
2pic
ctþ d
 2
wm2; n2ðtÞ þ   

:
By (19) and (20), we see wm; n ¼ 0 unless m n1 k ðmod 4Þ. The ﬁrst several
coe‰cients satisfy the following functional equations:
w0;0
atþ b
ctþ d
 
¼ ðctþ dÞkw0;0ðtÞ;
w1;1
atþ b
ctþ d
 
¼ ðctþ dÞkþ2w1;1ðtÞ þ 2picðctþ dÞkþ1w0;0ðtÞ;
wm; n
atþ b
ctþ d
 
¼ ðctþ dÞkþ2wm; nðtÞ ðm; nÞ ¼ ð2; 0Þ; ð0; 2Þ;
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wm; n
atþ b
ctþ d
 
¼ ðctþ dÞkþ4wm; nðtÞ ðm; nÞ ¼ ð4; 0Þ; ð0; 4Þ;
w2;2
atþ b
ctþ d
 
¼ ðctþ dÞkþ4w2;2ðtÞ þ 2picðctþ dÞkþ3w1;1
þ ð2picÞ
2
2!
ðctþ dÞkþ2w0;0ðtÞ:
We denote by Mk (resp. Sk) the space of modular (resp. cusp) forms on the
modular group SL2ðZÞ of weight k.
By the above equations, we have w0;0 AMk. If the Fourier expansion of f is
fðt; z; z 0Þ ¼
X
n; r
cðn; rÞqnz rðz 0Þr;
then we have
wm; nðtÞ ¼
ðpiÞmþn
m!n!
Xy
n¼0
X
r AO;4nbjrj2
rmrncðn; rÞ
0
@
1
Aqn:
Therefore wm;0; w0;m A Skþm for m ¼ 2; 4.
Di¤erentiating and arranging the above equations, we get cusp forms x1;1
and x2;2 of weight k þ 2 and k þ 4, respectively, which are deﬁned by
x1;1ðtÞ ¼ w1;1ðtÞ 
2pi
k
w 00;0ðtÞ;
x2;2ðtÞ ¼ w2;2ðtÞ 
2pi
k þ 2 w
0
1;1ðtÞ þ
ð2piÞ2
2ðk þ 1Þðk þ 2Þ w
00
0;0ðtÞ:
ð21Þ
By the heat equation
q2
qz2
yijðtjzÞ ¼ 4p q
qt
yijðtjzÞ; ð22Þ
the Taylor expansion of ya;0ð2t j zþ z 0Þ becomes
ya0ð2tÞ þ 2pi
2!
d
dt
ya0ð2tÞðzþ z 0Þ2 þ ð2piÞ
2
4!
d 2
dt2
ya0ð2tÞðzþ z 0Þ4 þ    :
Similarly we get the Taylor expansion of ya0ð2t j iðz 0  zÞÞ. For simplicity, we put
ya0ð2tÞ ¼ Ta; 2pi d
dt
ya0ð2tÞ ¼ T 0a; ð2piÞ2
d 2
dt2
ya0ð2tÞ ¼ T 00a :
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Hence we have
ya0ð2t j zþ z 0Þyb0ð2t j iðz 0  zÞÞ
¼ TaTb þ ðTaT 0b þ T 0aTbÞzz 0 þ
1
2
ðT 0aTb  TaT 0bÞðz2 þ ðz 0Þ2Þ
þ 1
4
ðT 00a Tb þ TaT 00b þ 2T 0aT 0bÞz2ðz 0Þ2
þ 1
4!
ðT 00a Tb þ TaT 00b  6T 0aT 0bÞðz4 þ ðz 0Þ4Þ þ    : ð23Þ
Assume k1 0 ðmod 4Þ. We write a hermitian Jacobi form f as a linear com-
bination of theta function:
fðt; z; z 0Þ ¼
X
a;b¼0;1
haþbiðtÞy1;aþbc 0 ðt; z; z 0Þ
¼
X
a;b¼0;1
haþbiðtÞya0ð2t j zþ z 0Þyb0ð2t j iðz 0  zÞÞ:
Since h1 ¼ hi, by the deﬁnition of wm; n,
ðw0; 0; w1; 1; w2; 2; w4; 0 þ w0; 4Þ ¼ ðh0; h1; h1þiÞ

T 20 2T0T
0
0
1
2 ðT0T 000 þ ðT 00Þ2Þ 14! ð2T0T 000  6ðT 00Þ2Þ
2T0T1 2ðT0T 01 þ T 00T1Þ 12 ðT0T 001 þ T 000 T1 þ 2T 00T 01Þ 14! ðT0T 001 þ T 000 T1  6T 00T 01Þ
T 21 2T1T
0
1
1
2 ðT1T 001 þ ðT 01Þ2Þ 14! ð2T1T 001  6ðT 01Þ2Þ
0
BB@
1
CCA:
Hence we have
w0;0;
1
2
w1;1;
1
2
ðw2;2  6ðw4;0 þ w0;4Þ
 
¼ ðh0; h1; h1þiÞA; ð24Þ
where
A ¼
T 20 T0T
0
0 ðT 00Þ2
2T0T1 T0T
0
1 þ T 00T1 2T 00T 01
T 21 T1T
0
1 ðT 01Þ2
0
B@
1
CA:
One can get the determinant detðAÞ by the addition formula of theta
functions and the Jacobi’s derivative formula:
q
qz
y11ðtjzÞjz¼0 ¼ py00ðtÞy10ðtÞy01ðtÞ: ð25Þ
In fact we have the following:
311Hermitian Jacobi Forms of index one
Lemma 3. 1. detðAÞ ¼ ðT0T 01  T 00T1Þ3.
2. T0T
0
1  T 00T1 ¼ p
2
2 ðy00ðtÞy10ðtÞy01ðtÞÞ2:
Proof. 1 is a simple caculation. Though we showed 2 in [9], § 3, we give a
proof of it for reader’s covinient. By the addition formula, we have
y211ðtjzÞ ¼ y10ð2tÞy00ð2t j 2zÞ  y00ð2tÞy10ð2t j 2zÞ:
Di¤erentiating with respect to z both sides twice and putting z ¼ 0, we get
2
q
qz
y11ðtjzÞ
 2
z¼0
¼ y10ð2tÞ q
2
qz2
y00ð2t j 2zÞjz¼0  y00ð2tÞ
q2
qz2
y10ð2t j 2zÞjz¼0:
By the heat equation (22) and the derivative formula (25), we get 2. r
For l ¼ 4; 8; 12, let Fl;1 be the hermitian Jacobi forms, of weight l and index
1, given in the preceeding section (17).
Theorem 1. Assume k1 0 ðmod 4Þ. Both of the linear maps
x : Jk;1 ! MklSkþ2lSkþ4; f 7! ðw0;0; x1;1; x2;2  6ðw4;0 þ w0;4ÞÞ
and
h : Mk4lMk8lMk12 ! Jk;1; ð f ; g; hÞ 7! fF4;1 þ gF8;1 þ hF12;1
are isomorphisms. In particular, dim Jk;1 ¼ k=4.
Proof. First, we shall show the injectivity of x. If xðfÞ ¼ 0, then w0;0 ¼ 0,
w1;1 ¼ 0 and w2;2  6ðw4;0 þ w0;4Þ ¼ 0. By (24), we have
ðh0; h1; h1þiÞA ¼ ð0; 0; 0Þ:
Since detðAÞ0 0, we have ðh0; h1; h1þiÞ ¼ ð0; 0; 0Þ, hence f ¼ 0.
Secondly we shall show the injectivity of h. Suppose fF4;1 þ gF8;1 þ hF12;1
¼ 0. Then by (17) and the same argument as above we have
ð f ; g; hÞH ¼ ð0; 0; 0Þ;
where
H ¼
x6 þ y6 z6 x6  y6
x14 þ y14 z14 x14  y14
x22 þ y22 z22 x22  y22
0
B@
1
CA:
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Since the determinant:
detðHÞ ¼ 2x6y6z6ðx8  y8Þðy8  z8Þðz8  x8Þ:
is not identically zero, hence f ¼ g ¼ h ¼ 0.
Finally by the dimension formula we have
dim Mk4 þ dim Mk8 þ dim Mk12 ¼ dim Mk þ dim Skþ2 þ dim Skþ4:
Thus we see that both of x and h are isomorphisms. r
Let J cuspk;1 denote the space of cusp hermitian Jacobi forms of weight k and
index 1. In this case we use cusp forms Ck;1’s given in § 2 (18).
Theorem 2. Assume k1 0 ðmod 4Þ. Both of the linear maps
x : J cuspk;1 ! SklSkþ2lSkþ4; f 7! ðw0;0; x1;1; x2;2  6ðw4;0 þ w0;4ÞÞ
and
hcusp : Mk8lMk12lMk16 ! J cuspk;1 ; ð f ; g; hÞ 7! fC8;1 þ gC12;1 þ hC16;1
are isomorphisms. In particular, dim J cuspk;1 ¼ ðk  4Þ=4.
Proof. We shall show that hcusp is injective. Assume
fC8;1 þ gC12;1 þ hC16;1 ¼ 0:
In this case we have, by (18),
ð f ; g; hÞK ¼ ð0; 0; 0Þ;
where
K ¼ x4y4z4
x2  y2 z2 x2 þ y2
x10  y10 z10 x10 þ y10
x18  y18 z18 x18  y18
0
B@
1
CA:
The rest is the same as the proof of the previous theorem. r
Finally we discuss the case k1 2 ðmod 4Þ. In this case any hermitian Jacobi
form can be written in the following form:
fðt; z; z 0Þ ¼ hðtÞðy1;1ðt; z; z 0Þ  y1; iðt; z; z 0ÞÞ:
Hence the coe‰cient of z2 þ ðz 0Þ2 in the Taylor expansion of f becomes
313Hermitian Jacobi Forms of index one
hðtÞðT0T 01  T1T 00Þ;
which is a cusp form of weight k þ 2.
Theorem 3. Assume k1 2 ðmod 4Þ. Then the linear map
Jk;1 ! Skþ2
deﬁned by
f 7! hðtÞðT0T 01  T1T 00Þ
is an isomorphism. In particular J2;1 ¼ J6;1 ¼ f0g.
Proof. By Lemma 3, we see that this map is injective. Conversely if kb 10
any cusp form f of weight k þ 2 can be written as f ¼ gD for some modular
form g of weight k  10, where D is the cusp form of weight 12:
DðtÞ ¼ 1
2
y00ðtÞy10ðtÞy01ðtÞ
 8
:
Then the function
f
T0T
0
1  T1T 00
ðy1ðt; z; z 0Þ  yiðt; z; z 0ÞÞ
is a hermitian Jacobi form and it goes to f by the map. r
§ 4. Hermitian Jacobi Forms and Modular Forms
In this section we shall discuss the relation between hermitian Jacobi forms of
weight k and index 1 and modular forms of weight k  1, which is a hermitian
version of a part of [2], II § 5.
The spaces of modular forms, of weight k, on congruence subgroups G0ð4Þ
and G1ð4Þ are denoted by MkðG0ð4ÞÞ and MkðG0ð4Þ; wÞ ¼MkðG1ð4ÞÞ, respectively,
where w is the non-trivial Diriclet character modulo 4.
Throughout this section we assume k1 0 ðmod 4Þ. Now we ﬁx a hermitian
Jacobi form
fðt; z; z 0Þ ¼
X
m A f0;1; i;1þig
hmy1;mðt; z; z 0Þ
of weight k and index 1. The following argument is essentially given by Kojima
[6].
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By the formulas (7) and (9), we have
ðh0; h1; hi; h1þiÞjk1
1 1
0 1
 
¼ ðh0; h1; hi; h1þiÞS; ð26Þ
ðh0; h1; hi; h1þiÞjk1
1 1
0 1
 
¼ ðh0; h1; hi; h1þiÞS3;
ðh0; h1; hi; h1þiÞjk1
0 1
1 0
 
¼ iðh0; h1; hi; h1þiÞT ; ð27Þ
where
S ¼
1 0 0 0
0 i 0 0
0 0 i 0
0 0 0 1
0
BBB@
1
CCCA; T ¼ 12
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
0
BBB@
1
CCCA:
Since
1 0
4 1
 
¼ 0 1
1 0
 
1 1
0 1
 4 0 1
1 0
  1 0
0 1
 
;
ðh0; h1; hi; h1þiÞjk1
1 0
4 1
 
¼ ðh0; h1; hi; h1þiÞðiTÞS4ðiTÞð14Þ
¼ ðh0; h1; hi; h1þiÞ: ð28Þ
On the other hand, since
1 0
2 1
 
¼ 0 1
1 0
 
1 1
0 1
 2 0 1
1 0
  1 0
0 1
 
;
ðh0; h1; hi; h1þiÞjk1
1 0
2 1
 
¼ ðh0; h1; hi; h1þiÞðiTÞS2ðiTÞð14Þ
¼ ðh0; h1; hi; h1þiÞ
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
0
BBB@
1
CCCA: ð29Þ
Lemma 4. Assume k1 0 ðmod 4Þ, then h0ðtÞ AMk1ðG0ð4Þ; wÞ.
Proof. The congruence subgroup G1ð4Þ is generated by
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1 1
0 1
 
;
1 0
4 1
 
;
and ½G0ð4Þ : G1ð4Þ ¼ 2. Therefore, for any element a b
c d
 
A G0ð4Þ,
h0jk1
a b
c d
 
¼ ð1Þðd1Þ=2h0 ¼ wðdÞh0:
The set of cusps for G0ð4Þ is fy; 1=2; 0g. The ﬁniteness of h0 at 0 and 1=2
comes from (27) and (29), respectively. Thus we see h0 AMk1ðG0ð4Þ; wÞ. r
Put
o4 ¼ 0 1
4 0
 
:
Then
jk1o4 : MðG0ð4Þ; wÞ ! MðG0ð4Þ; wÞ
is an linear isomorphism and its square is 1.
By the preceeding lemma, h0 AMk1ðG0ð4Þ; wÞ; hence so is h0jo4.
h0jk1o4 ¼ h0jk1
0 1
1 0
 
4 0
0 1
 
¼ i
2k2
ðh0ð4tÞ þ h1ð4tÞ þ hið4tÞ þ h1þið4tÞÞ:
Put cðNÞ ¼ c0ðNÞ þ c1ðNÞ þ ciðNÞ þ c1þiðNÞ, then we have
h0jk1o4 ¼
i
2k2
Xy
N¼0
cðNÞqN :
If r A O satisﬁes m1 r ðmod 2Þ, then
4nþ 1þ jrj21 1þ jmj2D 0 ðmod 4Þ;
hence, by the deﬁnition of cmðNÞ, cmð4nþ 1Þ ¼ 0.
The following lemma is a key of the next theorem. Its proof will be given in
the following section 5.
Lemma 5. Let gðtÞ ¼PNb0 cðNÞqN be an element of Mk1ðG0ð4Þ; wÞ and
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gjð4tÞ ¼
Xy
n¼0
cð4nþ jÞq4nþj; j ¼ 0; 1; 2; 3:
Then cðNÞ ¼ 0 for N1 1 ðmod 4Þ if and only if
g0ðt1Þ þ g2ðt1Þ ¼ itk1ðg0ðtÞ þ g2ðtÞÞ:
We denote by Mþk1ð4; wÞ the subspace of Mk1ðG0ð4Þ; wÞ consisting of
modular forms g whose Fourier expansions gðtÞ ¼PyN¼0 cðNÞqN satisfy cðNÞ ¼ 0
for N1 1 ðmod 4Þ.
Theorem 4.
fðt; z; z 0Þ ¼
X
m AO=2O
hmy1;mðt; z; z 0Þ
7! h0jk1o4 ¼
i
2k2
ðh0ð4tÞ þ h1ð4tÞ þ hið4tÞ þ h1þið4tÞÞ
gives an isomorphism between Jk;1 and M
þ
k1ð4; wÞ.
Proof. In the above we showed h0jo4 AMþk1ð4; wÞ. If h0jo4 ¼ 0, h0 ¼
ðh0jo24Þ ¼ 0 and h1þi ¼ 0 by (29); hence h1 þ hi ¼ 2h1 ¼ 0. Thus we get the
injectivity.
Now we shall show the surjectivity. Let
gðtÞ ¼
Xy
N¼0
cðNÞqN ; cðNÞ ¼ 0 if N1 1 ðmod 4Þ
be arbitrary element of Mþk1ð4; wÞ. Set
h0ðtÞ ¼
Xy
n¼0
cð4nÞqn
h1ðtÞ ¼ hiðtÞ ¼
Xy
n¼0
cð4nþ 3Þqð4nþ3Þ=4
h1þiðtÞ ¼
Xy
n¼0
cð4nþ 2Þqð4nþ2Þ=4;
and hðtÞ ¼ h0ðtÞ þ h1ðtÞ þ hiðtÞ þ h1þiðtÞ. Then they satisfy (26). To prove (27) is
a corner stone of our proof.
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Since gðtÞ ¼ hð4tÞ AMk1ðG0ð4Þ; wÞ, we have
g
t
4tþ 1
 
¼ ð4tþ 1Þk1gðtÞ ¼ ð4tþ 1Þk1hð4tÞ
¼ h 4t
4tþ 1
 
¼ h 1þ 1
4tþ 1
 
¼ h0 1
4tþ 1
 
 i h1 1
4tþ 1
 
þ hi 1
4tþ 1
  
 h1þi 1
4tþ 1
 
:
Replacing 4tþ 1 by t, we get
hðt 1Þ ¼ tðk1Þ h0 1
t
 
 i h1 1
t
 
þ hi 1
t
  
 h1þi 1
t
  
¼ h0ðtÞ þ iðh1ðtÞ þ hiðtÞÞ þ h1þiðtÞ:
Replacing t1 by t in this formula, we get
h0
1
t
 
þ i h1 1
t
 
þ hi 1
t
  
 h1þi 1
t
 
¼ tk1ðh0ðtÞ þ iðh1ðtÞ þ hiðtÞÞ þ h1þiðtÞÞ:
By these we have
h0ðt1Þ  h1þiðt1Þ ¼ 2itk1h1ðtÞ ¼ 2itk1hiðtÞ; ð30Þ
h1ðt1Þ ¼ h1þiðt1Þ ¼ i
2
tk1ðh0ðtÞ  h1þiðtÞÞ: ð31Þ
Moreover, by the lemma above,
h0ð1t1Þ þ h1þiðt1Þ ¼ itk1tk1ðh0ðtÞ þ h1þiðtÞÞ: ð32Þ
By (30), (31) and (32), we get (27).
Now we put
fðt; z; z 0Þ ¼
X
m
hmðtÞy1;mðt; z; z 0Þ:
By (26), (27) and the transformation formula of theta functions, we have
fjk;1
1 1
0 1
 
¼ f; fjk;1
0 1
1 0
 
¼ f;
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and fk;1ðl; mÞ ¼ f for all ðl; mÞ; hence f is a hermitian Jacobi form of weight k
and index 1. Thus we completed the proof. r
§ 5. Proof
We start by recalling some classical results. The ring
AðG0ð4ÞÞ ¼
Xy
k¼0
M2kðG0ð4ÞÞ
of modular forms is generated by y400ð2tÞ and y410ð2tÞ, which are algebraically
independent. In particular the set
fy00ð2tÞ4ly10ð2tÞ4m j l þm ¼ kg
forms a basis of the vector space M2kðG0ð4ÞÞ. Moreover the set
fy00ð2tÞ4lþ2y10ð2tÞ4m j l þm ¼ kg
forms a basis of
M2kþ1ðG1ð4ÞÞ ¼M2kþ1ðG0ð4Þ; wÞ ¼ M2kþ1ð4; wÞ;
where w is the Dirichlet character modulo 4.
For t ¼ 1; 2; 4; 8, put y200ðttÞ ¼ At, y210ðttÞ ¼ Bt: Then by the addition formula
of theta functions, we have
A2 ¼ A4 þ B4; B22 ¼ 4A4B4; A4 ¼ A8 þ B8; B24 ¼ 4A8B8;
hence the set
fðA4 þ B4Þ2lþ1ð4A4B4Þm j l þm ¼ 2k þ 1g
forms a basis of M4kþ3ð4; wÞ.
Let
gðtÞ ¼
X2kþ1
m¼0
cmðA4 þ B4Þ4k2mþ3ð4A4B4Þm; cm A C
be an arbitrary element of M4kþ3ð4; wÞ, and
gðtÞ ¼
Xy
n¼0
aðnÞqn
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its Fourier expansion. For j ¼ 0; 1; 2; 3, put
gjð4tÞ ¼
Xy
n¼0
að4nþ jÞq4nþj:
Then gðtÞ becomes
Xk
a¼0
42ac2a
X2k2aþ1
s¼0
4k  4aþ 3
2sþ 1
 
A4k2a2sþ24 B
2aþ2sþ1
4
 !
þ
Xk
b¼0
42bþ1c2bþ1
X2k2b
t¼0
4k  4b þ 1
2t
 
A
4k2b2tþ2
4 B
2bþ2tþ1
4
 !
þ
Xk
a¼0
42ac2a
X2k2aþ1
t¼0
4k  4aþ 3
2t
 
A4k2a2tþ34 B
2aþ2t
4
 !
þ
Xk
b¼0
42bþ1c2bþ1
X2k2b
s¼0
4k  4b þ 1
2sþ 1
 
A
4k2b2sþ1
4 B
2bþ2sþ2
4
 !
:
We deﬁne two polynomials GðX ;Y Þ and HðX ;YÞ by
GðX ;YÞ ¼
Xk
a¼0
42ac2a
X2k2aþ1
s¼0
4k  4aþ 3
2sþ 1
 
X 2kasþ1Y aþs
 !
þ
Xk
b¼0
42bþ1c2bþ1
X2k2b
t¼0
4k  4b þ 1
2t
 
X 2kbtþ1Y bþt
 !
;
and
HðX ;YÞ ¼
Xk
a¼0
42ac2a
X2k2aþ1
t¼0
4k  4aþ 3
2t
 
X 2katþ1Y aþt
 !
þ
Xk
b¼0
42bþ1c2bþ1
X2k2b
s¼0
4k  4b þ 1
2sþ 1
 
X 2kbsY bþsþ1
 !
:
Then we have gðtÞ ¼ GðA24 ;B24ÞB4 þ A4HðA24 ;B24Þ obviously.
Lemma 6.
HðY ;X Þ ¼ GðX ;YÞ; GðY  X ;Y Þ ¼ GðX  Y ;Y Þ:
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Proof. By setting 4k  4a 2tþ 2 ¼ 2s and 4k  4b þ 1 ð2sþ 1Þ ¼ 2t in
the deﬁnition of HðX ;YÞ, we see HðX ;YÞ ¼ GðY ;X Þ.
In the deﬁnition of GðX ;YÞ, we see that
ðX  Y Þ2kasþ1ðYÞaþs ¼ ðY  XÞ2kasþ1Y aþs
and that
ðX  YÞ2kbtþ1ðY Þbþt ¼ ðY  XÞ2kbtþ1Y bþt;
hence we get GðY  X ;Y Þ ¼ GðX  Y ;Y Þ. r
Now we shall recall Fourier expansion of theta functions.
A4 ¼ 1þ 2
Xy
n¼1
q2n
2
 !2
;
B4 ¼ 2
Xy
n¼1
q2ðn1=2Þ
2
 !2
;
A8 ¼ 1þ 2
Xy
n¼1
q4n
2
 !2
¼
Xy
n¼0
bðnÞqn;
B8 ¼ 2
Xy
n¼1
qð2n1Þ
2
 !2
¼
Xy
n¼0
cðnÞqn:
Thus unless n1 0 ðmod 4Þ, bðnÞ ¼ 0 and unless n1 2 ðmod 4Þ, cðnÞ ¼ 0; hence
the Fourier expansion of B24 ¼ 4A8B8 is the form
Xy
n¼0
dð2nÞq2n;
so that the term in gðtÞ of the form Ar4B2s4 does not contribute with g1ð4tÞ and
g3ð4tÞ. The Fourier expansion of B4 is the form
Xy
n¼0
eð4nþ 1Þq4nþ1:
Thus we get the following:
Lemma 7.
g0ð4tÞ þ g2ð4tÞ ¼ A4HðA24 ;B24Þ; g1ð4tÞ þ g3ð4tÞ ¼ B4GðA24 ;B24Þ:
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Theorem 5. The following are equivalent:
1. g1ð4tÞ ¼ 0, i.e. að4nþ 1Þ ¼ 0 En.
2. Any monomial of even degree with respect to V does not occur in the
polynomial GððU þ VÞ2; 4UVÞ of U , V .
3. GððU þ VÞ2; 4UVÞ ¼ GððU  VÞ2;4UVÞ.
4. GðX ;Y Þ ¼ GðX  Y ;Y Þ.
5. GðX ;Y Þ ¼ GðY  X ;YÞ.
6. HðX ;YÞ ¼ HðX ;X  Y Þ.
7. g0ðt1Þ þ g2ðt1Þ ¼ it4kþ3ðg0ðtÞ þ g2ðtÞÞ.
Proof. By the argument before the Lemma and taking U , V as A8, B8, we
get 1 , 2. 2 , 3 is obvious. Replacing ðU þ VÞ2, 4UV by X , Y , we get 3 , 4.
By the Lemma, we have 4 , 5 , 6.
Now we shall prove 6 , 7. By the transformation of theta functions, we
have
y00ðt1Þ ¼ ity00ðtÞ
y10ðt1Þ ¼ ity01ðtÞ:
Since g0ðtÞ þ g2ðtÞ ¼ A1HðA21 ;B21Þ, it follows
g0ðt1Þ þ g2ðt1Þ ¼ it4kþ3A1HðA21 ; ðB 01Þ2Þ;
where B 01 ¼ y201ðtÞ. The theta relation y400ðtÞ ¼ y410ðtÞ þ y401ðtÞ yields ðB 01Þ2 ¼
A21  B21 . Therefore the last assertion is equivalent to HðA21 ;B21Þ ¼ HðA21 ;
A21  B21Þ, i.e. HðX ;Y Þ ¼ HðX ;X  YÞ. r
§ 6. Maass Subspace
In § 2, we recalled hemitian modular forms and noticed that the ﬁrst Fourier-
Jacobi coe‰cient of a hermitian modular form of degree 2 is a hermitian Jacobi
form. Thus we get a linear map
F1 : AkðG2ðOÞÞ ! Jk;1; F 7! f1:
We deﬁne the Maass subspace Mk of AkðG2ðOÞÞ by the set of modular forms
F ðt; z; z 0; tÞ whose Fourier coe‰cients Aðn; r;mÞ are satisfying
Aðn; r;mÞ ¼
X
a j ðn; r;mÞ
ak1A
nm
a2
;
r
a
; 1
 
; En; r;m: ð33Þ
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In order to get an inverse of the map F1 :Mk ! Jk;1, following [2] I.§ 4, we
deﬁne the operator Vl ðl > 0Þ on functions f : H1  C C ! C by
ðfjk;mVlÞðt; z; z 0Þ
¼ l k1
X
M
ðctþ dÞke mlczz
0
ctþ d
 
f
atþ b
ctþ d ;
lz
ctþ d ;
lz 0
ctþ d
 
; ð34Þ
where M ¼ a b
c d
 
runs over a complete set of representatives for
SL2ðZÞnfM AMat2ðZÞ j detðMÞ ¼ lg:
It is easily seen that the right hand side does not depend on the choice of a set of
representatives; hence the operator Vl is well deﬁned.
Moreover we deﬁne V0 by
fjk;mV0 ¼ cð0; 0Þ 
2k
B2k
þ
Xy
n¼1
sk1ðnÞqn
 !
;
where B2k is the 2k-th Bernoulli number and
sk1ðnÞ ¼
X
djn
d k1:
Lemma 8. If f ¼P cðn; rÞqnz rðz 0Þr is an element of Jm;k, then fjk;mVl A Jk;ml
and
ðfjVlÞðt; z; z 0Þ ¼
X
n; r
X
a j ðn; l; rÞ
ak1c
nl
a2
; r
 
e ntþ rz
2
þ rz
0
2
 
:
Proof. We take the standard set of representatives:
a b
0 d
 
; a; d > 0; b ðmod dÞ; ad ¼ l:
Then
ðfjVlÞðt; z; z 0Þ ¼ l k1
X
ad¼l;b ðmod dÞ
dkf
atþ b
d
;
lz
d
;
lz
d
 
¼ l k1
X
ad¼l
dk
X
b ðmod dÞ
X
n; r
cðn; rÞe nat
d
þ nb
d
þ raz
2
þ raz
0
2
 
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¼ l k1
X
ad¼l
d 1k
X
n; r;n10 ðmod dÞ
cðn; rÞe nat
d
þ raz
2
þ raz
0
2
 
¼
X
ajl
ak1
X
n; r
c
nl
a
; r
 
e natþ raz
2
þ raz
0
2
 
¼
X
n; r
X
a j ðn; l; rÞ
ak1
X
n; r
c
nl
a2
; r
 
e ntþ rz
2
þ rz
0
2
 
: r
The following is a hermitian version of [2] Th. 6.2.
Theorem 6. Let f be a hermitian Jacobi form of weight k and index 1.
Then
Vfðt; z; z 0; t 0Þ ¼
Xy
m¼0
ðfjVmÞðt; z; z 0Þeðmt 0Þ
is a hermitian modular form of weight k, and
F1 : Mk ! Jk;1; V : Jk;1 ! Mk
are inverses to each other.
Proof. It is known that the modular group G2ðOÞ is generated by the
following matrices:
a 0 b 0
0 1 0 0
c 0 d 0
0 0 0 1
0
BBB@
1
CCCA;
1 0 0 m
l 1 m 0
0 0 1 l
0 0 0 1
0
BBB@
1
CCCA;
where
a b
c d
 
A G1ðOÞ and l; m A O with lm ¼ lm and
M0 ¼
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
0
BBB@
1
CCCA:
Since fjVm is a hermitian Jacobi form of weight k and index m for every m, Vf
satisﬁes the equation (10) for any M in the ﬁrst and the second type of matrices.
Put
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Vfðt; z; z 0; t 0Þ ¼
X
n;m; r
Aðn; r;mÞeðntþ rz=2þ rz 0=2þmt 0Þ:
Then
Aðn; r;mÞ ¼
X
a j ðn; r;mÞ
ak1c
nm
a2
;
r
a
 
¼
X
a j ðn; r;mÞ
ak1c
4nm jrj2
a2
 !
:
Therefore Aðn; r;mÞ’s satisfy the Maass’ condition (33) and Aðn; r;mÞ ¼ Aðm; r; nÞ;
hence Vf satisﬁes (10) for M0. Thus Vf is an element of the Maass subspace.
Apparently both of F1V and VF1 are the identities. r
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